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ABSTRACT

This paper develops an evaluation of the position probability of a
point C which is known to be in a direction 3 with respect to a
point B, itself in the direction o with respect to another point A.
The obtained results can be used in the problem of inference of
directional relationships in the case of spatial reasoning.

1. INTRODUCTION

Spatial relations between objects or regions in images play an im-
portant role in many fields, like pattern recognition, computer vi-
sion, scene interpretation, Geographical Information Systems (GIS),
scene descriptions in natural language and autonomous navigation
of mobile robots. An important part of the spatial relationships
between objects can be described in terms of directional spatial
relationships, like “object B is to the North-East of object A”.
Many previous works addressed the problem of defining and eval-
uating spatial relationships, an important part of which uses fuzzy
approaches|[l, 2, 3, 4].

Often the complexity of the algorithms to evaluate various spa-
tial relationships does not encourage the exploitation of such infor-
mation, especially in real time applications such as autonomous
navigation. In order to reduce the evaluation cost, it is possible to
exploit the properties of transitivity, symmetry, etc. of these rela-
tions to deduce new spatial relations from those already evaluated.
This deduction or inference of spatial information can be seen un-
der various points of view [5]. For instance we may:

1. deduce spatial relationships between two objects A and C
knowing those connecting them to another object B,

2. deduce complex spatial relations from simple ones,

3. deduce spatial relations between moving objects at time ¢
knowing those at time &o.

In this paper, we are interested in the first problem. More precisely,
we answer the following question: if we know that the object B is
to the North-East of the object A and the object C is to the North-
West of the object B, what can be said about object A and object
C using only directional spatial relationships?

This approach can be used to reduce index size in GIS database
by storing only principal spatial relations and use inference algo-
rithms to obtain the others. We canalso reduce the time to evaluate
spatial relations in autonomous navigation of mobile robots. For
instance if a robot A sees a landmark B and can evaluate its po-
sition with respect to it, it can infer its position with respect to a
landmark C from the knowledge of the relative position between
the two landmarks, as well as the evolution of this position in time.
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The problem of representation of spatial relationships has al-
ready been addressed in the literature and we just mention (in sec-
tion 2) the approaches on which we base our work. We address the
problem of inference in a probabilistic framework. We present the
problem of inference of spatial relationships in the case of points
(Section 3). We express the problem as the evaluation of the prob-
ability distribution of a point C knowing its relative position to
another point B and the relative position of the point B to another
fixed point A. This is an original formulation of the problem to the
best of our knowledge. Inference is presented in Section 4.

2. REPRESENTATION OF SPATIAL RELATIONSHIPS

Many of the existing methods for defining relative spatial position
depend on angle measurements between points of the two objects
of interest. Freeman [6] was among the firsts to recognize that
the nature of spatial relations between objects requires that they
be described in an approximate (fuzzy) framework. Here we give
briefly the principle of some fuzzy approaches that are the basis of
our work.

2.1. Directional spatial relationships definition between points
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Fig. 1. Evaluation of spatial relations between two points [1].

In [2, 1], the spatial relations between two points A and B are de-
termined by the angle § 45 (Fig. 1-a) made by the segment AB
and the x-axis. A relative position relationship is then definedas a
fuzzy set depending on 6. Fig. 1-b illustrates the four directional
relations which are defined as trigonometric functions [1] of ¢
(cos? 8 and sin® 8). Other functions are possible: [2] uses trapeze-
shaped functions. The membership function for a directional spa-
tial relationship “rel” will be denoted by pip1, it is a function from
[—m, @[ into [0, 1]. In the case of points, if rel is carrefuly chosen,
the four fuzzy spatial relationships “East”, “North”, “West” and



“South” determine completely the angle between the segment join-
ing the two points and the x-axis. Therefore, we can either use the
angle 6 4 g or the vector (East(A B), North( AB), West(AB), South
(AB))* to represent the four cardinal relationships of the plane.

2.2. Directional spatial relationships definition between objects

In order to extend previous definitions to objects, a first simple
solution consists in representing the two objects of interest by a
particular point. In [7, 2], the two objects are represented by their
centroids. The fuzzy spatial relationship between these two points
defines the spatial relations between the two objects.

Miyajima and Ralescu [1] proposed the use of an angle his-
togram to represent directional spatial relationship between ob-
jects. The angle histogram H ap is a function of §. H.ap(9) rep-
resents the frequency of occurrence of 6 between any two points
in objects A and B. To evaluate a specific difectional spatial re-
lationship “rel”, a compatibility measure between H ap and ptret
is defined using compatibility [1] or fuzzy pattern matching [3].
Other approaches have also been proposed in the literature, but are
not detailed here.

3. SPATIAL PROBABILITY OF C FROM RELATIVE
POSITION § 45 AND 8¢

In this work, we study the problem of inference in a probabilistic
framework. Since several approaches for defining spatial relation-
ships between objects rely on the evaluation of spatial relations
between points, we start with the evaluation of the probability dis-
tribution of a point C in the 2D plane limited to a circle knowing its
relative spatial position with respect to a point B and the relative
spatial position of B to another fixed point A.

3.1. Notation and hypotheses

We make use of polar coordinates and denote by (r x,©x) the
coordinates of point X, For this study, we assume that:

1. All points are independent and distributed according to a
uniform distribution in a disk of center O and radius R (i.e.
the image is circular):

P(Re[r—dr/2,r+dr[2],0 €[ —db/2,

—tyrdrdd f0<r <R

6 +do/2])rdrdd = {0 M

else.

2. We exclude degenerate cases where 8 = o + k.

3. The point A is located at the central point of the plane.
4. We assume that all angles are defined in | — =, 7).

We denote by [« + y] the domain [z — y,z + y), and by B the
event “Point B belongs to the interval [r g & dr /2] in the direction

[05 L do/2) -
B=(Rp€[rpxdr/2]AOp € [fp+di/2])
In the same way:

(Rc €[rc £dr/2]AO¢ € [fc £d0/2))

i

a = (8ap €[axdi/2])
Y = (ac € [y £do/2])
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We have to evaluate the probability that “the point C belongs to
the interval [r¢ =+ dr/2] in direction [#¢ + d8/2]) knowing its
relative spatial position with respect to another point B (0s¢c €
[8 + d8/2]) and knowing the relative spatial position of this point
to the fixed point A (fap € [o & d6/2])”, irrespectively of rg,
i.e. to evaluate:

P(C/a, B)

(b) Definition domain of
P(C/a,B)as Saa,s-

(a) Definition of S a+q0/2
and S s+da0/2.

(d) The case where the
definition domain is an
incomplete angular sector.

(c) Definition domain of
P(C/a,B)as Sapa.

Fig. 2. Definition domains of P(C/a, 3).

3.2. Definition domains of (C/a, 3)

The point B being in the direction « with respect to point A, it
belongs to the angular sector S 4, 14072 of origin A (Fig. 2-a). As
point C is in the direction 8 w.r.t B, C belongs to the angular sec-
tor Sp,p+d46/2 Of origin B (Fig. 2-a). When B runs for all points
of the angular sector S4,o+46/2, the sector Sg g4q40/2 describes
an angular sector S4,q,5 (Fig. 2-b). Therefore, if C & S4,q,3,
P(C/a,B)} = 0. This sector is as in Fig. 2-b if (8 — a) €
[2km, m + 2k7), and as in Fig. 2-c (i.e. Sa,3,a) when (8 — a) €
(7 + 2km, 27 + 2km).

For each case, the defined sector is not a complete angular
sector if (8 — «) € [n/2 + 2km, 7 + 2kn] (for the first case
Fig. 2-d) or (8 — @) € [7 + 2kx,37/2 + 2kx] (for the second
case), because there is a part of the angular sector for which the
corresponding points B do not belong the defined disk. So we
have four cases, the two first ones being symmetrical of the two
others. We present the results for the two first cases:

o (8 —a) € [2km, 7/2 + 2kx): the defined sector is a com-

plete angular sector S 4,5 (Fig. 2-b),
o (B=a) € [r/2+ 2kn,w + 2kr]: the defined sector is an
incomplete angular sector S a,q,s (Fig. 2-d).



3.3. Evaluation of P(C/a, 8)
By introducing the position of B (event B), we have:

[ P(C,a,8,B)dB
D

P(C/a,B) = TPap

2

P(C,a,8,B)dB =

/

/ P(B/B,C,a)P(a/B,C)P(B)P(C)dB (3)
D

The angle o between the segment joining the two points A and B
and the x-axis is independent on the position of the point C, so:

1 if B € Sa,azde
= B) = ! 4
P(a/B,C) = P(a/B) {Od“ @
From the uniform distribution we deduce:
1
B) = =
P(B) = P(C) = —p ®)
We denote K = —f.

K? / P(B8/B,C,a)dB (6)
Sa,atde

/P(C,a,,@,B)dB
D

The sentence “C is in the direction 8 with respect to B” is writtcn
as:

. 1 ifC € Sp,gtas
P(B/B,C,a) = ' 7
B/ ) {0 else @
or similarly as:
i S
Hwaam={3ﬁ360”””“ ®
else
Using Eq. 6 and Eq. 8 we obtain:
/P(C,a,ﬁ,B)dB = K?/dB ©)
D P
with p = Sa,atae N SC,[[’—n)id6~ So the integral (Eq. 9) is
proportional to the surface s of p which is given by :
_ 2cos(a — B) — cos{a + B — 27)
§=2re 3sin(a — B) —sin(3a — 38) ao
The probability P(«, 3) is obtained by:
Pla,)= [ [ P(C.a,8,B)d8 dc an
D D

We use (Eq. 9) to evaluate P(«,3) when C belongs to the
angular sector S 4,«,5. For the complete angular sector:

_ (o — B) cos(e — B) — sin(a — B) °
272 (sin(3c — 38) — 3sin(a — B))

P(a,B) (12)
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and a rather more complex expression in the other case [8]:

Pla, )=
5sin(a — 8) + sin(3a — 38) — 3sin(5a — 58) + sin(7a — 706)
872(10sin(a — B) — 5sin(3a — 38) + sin(5a — 58))
2(8 — a — w) cos(a — B) — sin(a — B) + sin(3a — 38)
472 (sin(3a — 38) — 3sin(a — 8))

+

(13)

To keep a simple notation for the two cases, we denote ; =

—r?fl" ;) which is not the same for the two cases:
P(Cla,B) =
2 cos(a~p)— +p-2 i
Kuir? C3o:i:(a_)ﬁ)c—°;£na(‘sa—3;)) if C € Saa,p (14)
0 else

which is the wanted distribution of probability of C.

3.4. Discussion

Equation 14 allows to compute the position probability of a point
C which is known to be in the direction 8 of a point B, itself in the
direction « from the central point of the image subject to a uniform
and independent distribution of B and C. Not surprisingly, we see
from Fig. 3 that the probability is non-zero only in the region lim-
ited by angles « and 3. This region is complete (we say complete
sector) iff (3—«) € [2kn, w/2+2k~], it is an incomplete angular
sector in the other case. In the case of complete sector the proba-
bility peaks at its maximum value for the angle O ¢ = “-;—é, and
on the border of the disk (R¢ = R) which is, by the way, the most
probable point C. In the case of incomplete sector, we distinguish
two cases, if%ﬁ >(28-a—-m)(ie.f-a< 331 ), the inter-
section between the bisector and the border of the disk belongs to
the domain S 4 «,p and the grobability peaks at its maximum value
for the point C = (R, 232). In the other case, the maximum is
given by the point C located at the intersection between the border
of the disk and the border of the triangular part of the incomplete
angular sector (C = (R, 28 — a — m)).

@ P(Cla = /6,8 = 2n/3). (b) P(Cax =

7/6,8 = 57/6).

Fig. 3. Examples of the probability distribution P(C/a, ).

4. INFERRING SPATIAL RELATIONSHIPS

The basic relationship we are using is rel( X,Y) = fxy, ex-
pressing that Y is in the direction § xy with respect to X. From
rel(A, B) = a andrel(B, C) = 8, we want to deducerel(A, C).



A first step is to determine P(v/a, 8) which amounts to com-
pute the integral of P(C/«a, 3) over the angular sector S of angle
¥ % dvy/2 to eliminate the dependencein r:

Pajop)= [ Pic/apac (15)
SA,ytdy/2

To evaluate P(v/«, B) we distinguish two cases:
casel: (B—a) € [2km, m/2+42k7]: Sa,q, isa complete angular
sector.
P(y/a,B) =
{1(1 BY coslap)—coslatB2y) iy ¢ [ + 2km, B + 2kn]

4 3sin(a—pF)—sin(3a—-38)
0 clse

case2: (B—a) € [r/2+2knm, 7+ 2kn): S4,a,s isanincomplete
angular sector. In this case, the triangular part is defined by the
angle v € [a + 2kn, (28 — a — ) + 2kx]. In this case the radius
of the angular sector S a,+4¢ is:

R%——_—?}— ify € [a+2kr, (28 —a —«) + 2kn]
R else
So:
P(v/a,8) =

sin(f— 4

K (REIT%) cos(a—pB)—cos(a+B—2v)
1 1 3sin(a—f) —sin (3a—373)
ify € [a+ 2km, (28 — a — =) + 2kn]
K R cos(a—p) —cos(at =27
17373 sin(a—@8) —sin(3a—383)

ify € [(26 — « — =) + 2km, 8 + 2kn)
0 else -

16)

From P(~v/«, 3) several solutions exist to estimate rel(A, C'). We
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@) P(v/a=n/6,8=2r/3). (b)P(v/a=r/6p=57/6)

Fig. 4. Examples of the distribution probability P(v/a,3) for a
complete sector (left) and an incomplete one (right).
can use the a maximum posterior probability estimator:

rel) (A4, C) = argsupP(y/«, B) 17

We can also use the maximum likelihood estimator:

relo(A, C) = argsupP(a,3/7) (18)
v

These two estimators are linked by Bayes’ rule:

P(y/a,B)P(a,3)

rela(A, (') = arg su
PO =are =00

(19)

The probability P(«a, 3) is independent on the variable v, so:

P(y/a,B)
P(v)

If we assume that all angles v are equiprobableevents (P(v) =
C'st), both results are the same. But for some problems we may
have different hypotheses for P(~) which will provide different
estimates in the MAP case and maximum likelihood case.

In the case of complete angular sector, the probability P(v/«a, 8)
peaks at its maximum value for the angle I" = %ﬁ. In the other
case, we distinguish two cases, if (8 — a) < 4T, the maximum is
given by the angle I' = "‘—2*—5 In the other case the maximum is
given by the angle corresponding to the intersection between the
border of the disk and the border of the incomplete angular sector
I'=28-a-m.

All the results which are derived here in the case of circular
windows have also been extended to the more complex case of
rectangular images [8].

relz(A, C) = argsup (20)
hl

5. CONCLUSION

We proposed in this paper an original formulation of the prob-
lem of inference of directional spatial relationships in the case of
points. We have used a probabilistic framework to represent our
problem. The application of these results in real applications re-
quires to extend this work to objects. We are currently working on
this extension, to infer spatial relations between objects (and not
only between points), by using angle histogram representation as
in 2.2.
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