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ABSTRACT
In order to cope with the ambiguity of spatial relative posi-
tion concepts, we propose new definitions of the relative po-
sition between two objects in the fuzzy set framework, which
are based on fuzzy pattern matching approaches. They have
good properties, are flexible, fit the intuition, and they can
be used for structural pattern recognition under imprecision.
Moreover, they apply also in 3D, and for fuzzy image objects.

1. INTRODUCTION

The spatial arrangements of objects in images constitute
an important information for recognition and interpretation
tasks, in particular when the objects are embedded in a com-
plex environment, like in medical images (especially brain
images), or satellite and aerial images. A part of the relation-
ships between objects can be described in terms of relative
position, like ”left to”. This paper addresses the problem
of defining such relationships. It should be noted that such
concepts are highly ambiguous, and they defy precise defi-
nitions, although human beings may have a rather intuitive
understanding of them. In particular, any ”all-or-nothing”
definition may lead to unsatisfactory results in several sit-
uations, even of moderate complexity (see examples of Fig.

1).
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Figure 1: Two examples where the relative position of ob-
jects with respect to the reference object is difficult to define
in a ”all-or-nothing” manner.

Therefore, relative position concepts may find a better
understanding in the framework of fuzzy sets, as fuzzy rela-
tionships. [t is possible to propose flexible definitions, which
fit the intuition and may include subjective aspects, depend-
ing on the application and on the requirements of the user.

This problem has already been addressed in the litera-
ture and we will first review the proposed methods, mainly
based on angle computations. To our point of view, none
of these methods include real information on object shapes.
Therefore, we propose two original methods, based on a fuzzy
pattern matching approach. The first one is also based on
angle computation. The second one is really morphological.
These definitions will be compared in a qualitative way on
the examples of Fig. 1, and more rigorously by studying their
properties. In particular, they will be examined under the
light of possible generalization, to 3D objects on one hand,
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and to fuzzy objects on the other. Indeed, the representation
of image regions as spatial fuzzy sets is very useful in order
to take into account the imprecision inherent to the images.
As a conclusion, we will provide some hints on the foreseen
application in fuzzy structural pattern recognition.

In the sequel, we will deal with finite discrete images.

2. ANGLE BASED METHODS

To our knowledge, existing methods for defining fuzzy rela-
tive spatial position all rely on angle measurements between
points of the two objects of interest [6], [5], and concern 2D
objects. A fuzzy relationships is defined as a fuzzy set, and
the adequation between the relation and the angle mesure-
ments is evaluated, according to three methods which will
be described below.

2.1. Fuzzy relations describing relative position

In [6], [5], angle is computed between the segment joining two
points a and b and the z-axis of the coordinate frame. This
angle, denoted by 6(a, b), takes values in [—m,]. A relative
position relationship is then defined as a fuzzy set depend-
ing on 8. Fig. 2 illustrates the four relations "left”, "right”,
»above” and "below”, defined in [6], as cos® 8 and sin” 8 func-
tions. Other functions are possible: [5] use trapeze shaped
membership functions, for the same 4 relations. The mem-
bership functions for these relations will be denoted by pies:,
fr,'ght, Uabove, and [beiow, and are functions from [—=, 7] into
0,1].

Figure 2: Definition of fuzzy relations representing relative
position.

2.2. Centroid method

A first simple solution to evaluate a fuzzy relationship be-
tween two objects consists in representing each object by a
characteristic point. This point is chosen as the object cen-
troid in [5]. Let cr and ca denote the centroids of objects
R and A. The degree of satisfaction of the proposition ” A is
to the right of R” is then defined as:

pE ne(A) = pright(8(cr, ca)). (1)
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2.3. Aggregation method

An aggregation method has been proposed in [5], which uses
all points of both objects instead of only one characteristic
point. For any couple of points 7 in R and j in A, the an-
gle 8(1, 5} is computed, and the corresponding membership
value for a relation "rel” ("rel” being one of the 4 considered
relations) is computed as previously: pi; = prer(6(1,5)). All
these values are then aggregated. The aggregation operator
suggested in [5] is a weighted mean:

i/p
Hra(A) = [Z wafj] , (2)

iER JEA
where w;; are weights whose sum is equal to 1.

2.4. Compatibility method

A compatibility method has been proposed in [6]. It consists
in defining a fuzzy set in [0,1] representing the compatibility
between the normalized angle histogram and the fuzzy rela-
tion. More precisely, the angle histogram is computed from
the angle between any two points in both objects as defined
before, and normalized by the maximum frequency. Let us
denote H®(A) this normalized histogram, for R being the
reference object and A the object whose position with respect
to R will be evaluated. The compatibility set He(H,p,.) be-

tween HE(A) and pu,e; is defined, for any u € [0, 1], following
the extension principle as:

po(Hun(®@) = 0 if uii(u)=0 ®)
HF(A)(v) else.

= sup
vl ()

A global evaluation of the position is then provided by
the center of gravity of the compatibility fuzzy set. Fig. 3
presents the angle histograms for the two examples of Fig.
1. The compatibility fuzzy sets for 2 relative positions are
presented on Fig. 4 for object B with respect to reference
object R (defined on Fig. 1).
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Figure 3: Angle histograms for the two examples of Fig. 1.
Left: object A w.r.t. reference object R; right: object B
w.r.t reference object R.
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Figure 4: Compatibility between 2 relations and the angle
histogram of object B with respect to reference object R.

2.5. A new method based on fuzzy pattern matching

We: propose in this Section another method for evaluating
the adequation between the angle histogram and the relation
membership functions. The idea is to give both functions an
interpretation as possibility distribution and to take into ac-
count the morphology of these distributions for evaluating
their correspondence. An appropriate tool for this task is
the fuzzy pattern matching approach [4]. In this approach,
the evaluation of the matching between two possibility dis-
tributions consists of two numbers, a necessity degree NV (a
pessimistic evaluation) and a possibility degree II (an op-
timistic evaluation). In our application, they will take the
following forms:
H?el(A) = sup Z[HR(A)(!L‘), Hrel (l‘)], (4)

z€[—m,7}

NE(A)= iof

F€[—m,7]

u[H (A)(),1 = praa(2)], ()

where ¢ is a t-norm and u a t-conorm.

The possibility corresponds to a degree of intersection,
while the necessity corresponds to a degree of inclusion. They
can also be interpreted in terms of fuzzy mathematical mor-
phology, since the possibility is equal to the dilation of HT (4)
by tirer at origin, while the necessity is equal to the erosion, as
shown in [2]. These two interpretations, in terms of set theo-
retic operations and in terms of morphological ones, explain
how the shape of the distributions is taken into account.

3. MORPHOLOGICAL FUZZY PATTERN
MATCHING METHOD

In this Section, we propose an original method, which relies
on completely different bases in comparison to the previous
ones. The aim is to take directly into account morphology
and shape of the objects, without intermediary angle his-
togram computation.

3.1. Principle

The idea is to evaluate the adequation of an object in a
fuzzy “landscape” whose membership values of the points
correspond to the degree of satisfaction of the spatial rela-
tion under examination with respect to the reference object.
We make use here of a spatial representation of fuzzy sets,
which already proved to be useful in image processing. Here
again, a fuzzy pattern matching approach is appropriate.
We will call it morphological fuzzy pattern matching ap-
proach (MFPM), in opposition to the previous compatibility
fuzzy pattern matching approach (CFPM). Let us denote by
tret( R) the fuzzy set defined in the image in such a way that
area which satisfy to a high degree the relation "rel” with
respect to reference object R have high membership values.
In other terms, the membership function tiret(R) has to be
an increasing function of the degree of satisfaction of the re-
lation. It is a spatial fuzzy set (i.e. a function of the image
Z into [0,1]) and is directly related to the shape of R. Let
us denote by pa the characteristic function of the object A,
which is a function of 7 into [0,1]. If A is a fuzzy set, ua
will be its membership function. So the following definitions
apply for both crisp and fuzzy objects. The evaluation of
relative position of A with respect to R is given by the pos-
sibility and necessity degrees of the fuzzy pattern matching
of pa and pra(R):

II2,(A) = ilelgi[urez(R)(f),uA(x)]y (6)
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N7a(A) ='inf ulprea(R)(2),1 — pa(2)). (7
Again, these values can be interpreted as fuzzy intersec-
tion and inclusion on the one hand, and as fuzzy dilation
and erosion at origin on the other hand. But this time, the
objects are directly involved in the computation and there-
fore the morphological aspect of this definition concerns the
objects themselves and not only their angle histogram.

3.2. Defining pre(R)

The problem in this definition relies in the definition of pre1(R).
The requirements stated above for this fuzzy set are not
strong and leave room for a large spectrum of possibilities. -
We suggest here two ways for defining pret(R), sketched on
Fig. 5. The first one consists in choosing one reference point
cr in the object (for instance the centroid or its nearest ob-
ject point in the direction of interest), and computing for
each point a of the image its membership value as a de-
creasing function of the absolute value of the angle 6(cr, a)
between the line (cr,a) and the direction of interest. This
is illustrated on Fig. 6 (left). Another possibility consists in
defining a band around the object in the desired direction
where the membership values are constant. Outside this
band, they will depend on angle as in the first solution. This
is illustrated on Fig. 6 (right). These two definitions are only
examples of what is possible. Other definitions could be pro-
posed, and the flexibility of the approach allows the user to
define any membership function according to his application
and his requirements.
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Figure 5: Example of schemes for defining tret( R) for the
relative position "right”.

Figure 6: Two possible definitions of prei(2) for the rela-
tive position “right” (high grey values correspond to high
membership values).

4. EXAMPLES AND COMPARED PROPERTIES

Tables 1 and 2 provide the results obtained with the meth-
ods described in the previous sections, for the objects fig-
ured on Fig. 1 and for the 4 relations "left”, "right”, "be-
low”, "above”. The two new definitions proposed in this
paper were motivated by the following limits of previous ap-
proaches:

- The centroid method, although robust to small varia-
tions of the shapes, is too rough: all information about the
objects is lost and it leads to questionable results in case of
complex shapes (in particular with strong concavities).

- Methods based on angle histogram are computationally
expensive.

- The centroid and aggregation methods are mainly based
on a single value to evaluate the relation. The difference
between them is that the averaging is made on the object
points for the centroid method, while it is applied after angle
computation in the aggregation method. On the contrary,
the compatibility method presents the advantage to check for
an adequation between two fuzzy sets and therefore includes
a richer information, but still far from the whole information
carried by the objects.

- All three existing methods lake of morphological infor-
mation.

- These methods are also difficult to generalize to 3D
objects, and the cost of histogram based methods would be
unreasonable.

[ Object A with respect to reference object R |

[Relation || Centroid | Aggregation | Compatibility |

Teft 0.000 0.000 0.000
right 0.764 0.726 0.621
below 0.000 0.004 0.054
above 0.236 0.270 0.379
[ Relation ]l CFPM [ MFPM-1 | MFPM-2 ]
left 0.000, 0.000 0.000, 0.306 0.000, 0.322
right 0.371, 0.683 0.694, 1.000 0.678, 1.000
below 0.000, 0.095 0.192, 0.576 0.137, 0.502
above 0.317, 0.629 0.423, 0.808 0.498, 0.863

Table 1: Results obtained for the object A of Fig. 1 with
respect to reference object R. The relative position is evalu-
ated with the centroid method, the aggregation method, the
center of gravity of fuzzy compatibility set, the compatibil-
ity fuzzy pattern matching (CFPM) and the morphological
fuzzy pattern matching (MFPM-1 and MFPM-2) for the two
definitions of pt,ei(R) (see Fig. 6). For FPM approaches, the
two given values correspond to necessity and possibility de-
grees.

( Object B with respect to reference object R ]
[ Relation || Centroid | Aggregation [ Compatibility |

Teft 0.000 0.001 0.051
right 0.828 0.634 0.550
below 0.000 0.027 0.166
above 0.172 0.338 0.500
[ Relation ] CEFPM | MFPM-1 | "MFPM2 ]
left 0.000, 0.064 0.000, 0.494 0.000, 0.718
right 0.341,0.812 0.506, 1.000 0.282, 1.000
below 0.000, 0.282 0.008, 0.682 0.000, 0.643
above 0.188, 0.658 0.318, 0.992 0.357, 1.000

Table 2: Results obtained for the object B of Fig. 1 with
respect to reference object R.

Concerning the comparison between the existing approaches,

several examples have been given in [6] and [5]. Both agree
on the limits of centroid methods. In [6], it is noted that the
angle histogram depends on the distance between objects: if
the objects become farther from each other, the histogram
concentrates around one value and the results become closer
from those obtained by the centroid method. We should
remark that this behaviour is likely to be observed for any
method depending on angle computation.

The aggregation method has been proposed only with
a weighted mean as aggregation operator. We suggest that
this method could be generalized using other aggregation op-
erators, making use of the large variety of fuzzy combination
operators. This would allows the user to choose an operator
whose behaviour and properties match the requirements re-
lated to the application at hand, including subjective ones if
necessary [1].
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The compatibility fuzzy pattern matching method has a
good- interpretation as stated above. It is computationally
less expensive than the compatibility method but still re-
quires the angle histogram computation, which is the most
important part in the computation cost. Also due to the an-
gle histogram, it will be difficult to generalize to 3D. Indeed,
two angles are necessary in 3D to define the position of a
line with respect to coordinate axes, and this will make ‘the
process much more complicated. One important advantage
of this method is that it provides two evaluation numbers (or
equivalently an interval). This will be detailed below, since
this property is shared with the MFPM method.

The morphological fuzzy pattern matching approach has
several advantages to our point of view:

- It ‘makes use of spatial fuzzy sets, directly related to
the objects under study.

- It takes into account the morphology of the objects: the
comparison is not made on a reduced information like a point
(dimension 0), nor on a derived function (dimension 1) like
angle histogram (which may lead to counter-intuitive results
in case of different shapes with same angle histogram), but
use the information directly in the image space (2D or 3D).

- It allows for an easier adaptation to any direction of
interest. For instance the two ways. suggested to compute
tiret(R) are valid for any direction. On the contrary, the
approaches of Section 2 necessitate to define explicitely a
fuzzy function for any direction of interest.

- It allows for a simple generalization to 3D, in particular
if pret(R) is defined according to the second method: the
band around the objects will be delimited by two parallel
planes, which makes the computation of an angle between
a line and one of these planes easy. The other steps of the
method remain exactly the same as in 2D.

- Like for the CFPM approach, it provides 2 values for
the evaluation of a relation, one of them being pessimistic
and the other optimistic. Again, this leads to a great flexibil-
ity in the evaluation, which can be made more or less severe,
depending on the application. This can be particularly use-
ful in pattern recognition when relative spatial position is
used along with other criteria. The degree of severity can
then be chosen according to the importance of the criterion
with respect to the other ones, or according to the satisfac-
tion values of the other criteria. The interpretation of the
obtained values in terms of possibility and necessity can then
be exploited in the framework of possibilistic multi-criteria
aggregation, as well as in the context of Dempster-Shafer
evidence theory.

Unlike the MFPM approach, all other approaches sat-
isfy some kind of symmetry, in the sense that the following
property holds: uﬁ-gm(A) = u,Aeft(R). Concerning "reflexiv-
ity” (in the sense of relationship of an object with itself ), we
can observe various behaviours with angle histogram based
methods. For instance for object R of Fig. 1, the angle his-
togram with respect to itself is almost flat. On the contrary,
for object B of this figure, the angle histogram is not- flat
at.all. This means that, in the sense of these methods, an
object may have privileged relative positions with respect to
itself. This can be questionable. However, this problem does
not occur with the MEEPM method if the object is included
in the area which has membership value 1 in tret(R) (this
is the case for the two proposed approaches). Therefore the
MEPM method can be considered as reflexive, in. the sense
that any object will totally satisfy any relation with itself:

Nfel(A) =1
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5. FUZZY RELATIVE POSITION BETWEEN
FUZZY SETS

This Section is dedicated to the comparison of the described
methods in light of their possible generalization to fuzzy sets,
i.e. when both objects are represented by fuzzy sets. In [6] it
is suggested to compute a weighted angle histogram, where
the weight associated to the angle 6(a, b) is the minimum (or
any other t-norm) of the membership degrees of ¢ and b to
the fuzzy sets they belong. In [5], an approach similar to the
one originally proposed in [3] is used: the fuzzy relation is
evaluated between the a-cuts of both objects and then inte-
grated over all values of @. This approach has also been used
in [2] for one definition of fuzzy mathematical morphology.
However, this can be computationally expensive, depending
on the precision of the quantization of membership functions.
The weighting approach of [6] is simpler in this sense. As for
the two approaches proposed in this paper, following remarks
can be made: for CFPM approach, the fuzzy aspects of the
sets has to be taken into account during the angle histogram
computation step. Therefore, the same methods as the ones
described in [6] and [5] apply. For the MFPM approach, as
already mentioned, it applies directly, without any modifi-
cation, to fuzzy objects. This is an additional advantage of
this approach.

6. CONCLUSION

We proposed in this paper two new approaches for defin-
ing relative position between objects in images, based on a
fuzzy pattern matching approach. In particular the second
one presents several advantages over existing definitions: it is
flexible, it takes morphological information about the shapes
into account, it is consistent with intuitive understanding, it
is directly appliable for 3D and fuzzy objects, and it provides
an evaluation as two values or equivalently as an interval,
which can be useful for further purposes (e.g. combination
with other criteria). Since relative spatial position is an es-
sential criterion for recognition of complex scenes, we intend
to use the methods proposed in this paper in a fuzzy struc-
tural recognition framework, in combination with other cri-
teria like distance, adjacency, inclusion, and node attributes.
This is the scope of future work.
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